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Spin Hall effect (SHE) is the generation of spin current due to an electric field, and has been
observed in a variety of materials. We investigate the perspective of detecting spin Hall current in
heavy-ion collisions. While the electric field created in heavy-ion collisions has a very short lifetime,
the (minus) chemical potential gradient can be viewed as an analogous electric field. Noting the
longitudinal gradient of baryon chemical potential at RHIC beam energy scan (BES) energies is
sizable, we predict that such “analogous baryonic electric field” will lead to spin Hall current carried
by Λ (Λ¯) hyperon. In addition, spin Hall current can be induced by temperature gradient, the
phenomenon of which is referred to as “thermally-induced spin Hall effect” or spin Nernst effect
(SNE). We propose to measure the first Fourier coefficients of local spin polarization of Λ (Λ¯) with
respect to azimuthal angle to probe spin Hall current, and name those observables as “directed spin
flow”. By employing a thermal field theory calculation and a phenomenologically motivated freeze-
out prescription for central collisions at a representative BES energy (
√
s = 19.6 GeV), we find the
magnitude of the induced “directed spin flow” is of the order 10−3. Furthermore, we demonstrate
how to use (baryon) charge-dependent and charge-independent “directed spin flow” to discriminate
spin Hall current induced by chemical potential and temperature gradient respectively.
Introduction.— The study of spin current, the flow of
spin, has triggered intense research. The generation of
spin current is a key concept in the field of spintronics [1],
and can be employed to probe intriguing properties of
quantum materials [2]. One prominent mechanism of the
generation of spin current is spin Hall effect (SHE) [3], by
which an electric field will induce a transverse spin cur-
rent perpendicular to the direction of the electric field.
SHE has been observed in a number of table-top experi-
ments [3–5].
In this letter, we consider SHE and its analogous effect
in hot and dense nuclear matter created in heavy-ion col-
lisions. Assuming fermionic constituents of those systems
are weakly coupled, one can show spin polarization distri-
bution function of fermions (anti-fermion) in momentum
space ~P+ (~P−) is given by:
~PSHE± (p) = σH±
p
εp
× ~E , (1)
where p denotes the spatial momentum , pˆ is the direc-
tion. Here, σH depends on temperature T and chemical
potential µ of the unperturbed medium as well as the en-
ergy of fermion εp =
√
p2 +m2 where m is the fermion
mass, and ~E stands for a generic U(1) charge electric
field. We shall consider the simplest case when there is
only one species of fermions (anti-fermions) with one unit
of U(1) charge throughout, although relaxing this simpli-
fication is straightforward. Based on the standard linear
response theory and a thermal field theory calculation
(see details below), we find
σH± = ±
1
εp
[
−∂n±(εp)
∂εp
+
n±(εp)
εp
]
, (2)
where n±(ε) = 1/(e(ε∓µ)/T + 1) are Fermi-Dirac distri-
bution for fermion(+) and anti-fermion (−). Previously,
Eq. (1) has been obtained in massless limit [6, 7] and in
heavy mass limit m  T, µ [8, 9] using quantum kinetic
theory (see Refs. [10, 11] for related studies). The results
present here is for general µ, T,m.
In Ref. [12] where the notion of spin current is orig-
inally introduced, spin current is described by a tensor
Sij . The first index of Sij indicates the direction of flow,
while the second one indicates which component of the
spin is flowing, i.e., Sij ∝ ∫
p
Pi(pj/εp). Eq. (1) then
implies Sij ∝ ijk Ek. In term of the terminology widely
used in heavy-ion collisions community, Eq. (1) means
~E will induce “local spin polarization” in the sense that
while the integration of ~P in Eq. (1) over pˆ vanishes for
an isotropic medium, ~P features a dipole distribution in
momentum space (see Fig. 1). Regardless of the language
that one chooses, Eq. (1) implies that spin flows in the
plane transverse to the direction of ~E.
The spin polarization induced by vorticity and mag-
netic field in heavy-ion collisions has attracted much ex-
perimental [13–19] and theoretical efforts [9, 20–26] (see
Refs. [27–30] for reviews). Although related, the phe-
nomenon of spin current is distinct from the spin polar-
ization in that the former describes the motion of spin
while the later does not. Therefore the observation of
SHE would open a new avenue for exploring the many-
body quantum effects in hot and dense nuclear/QCD
matter. Unfortunately, the life-time of the electric field
(of electric charge) in heavy-ion collisions is expected to
be of the order 1 fm or even less. The signature of SHE
induced by such electric field should be negligible. Can
SHE be detected in heavy-ion collisions?
In this letter, we devise the following test for SHE in
heavy-ion collisions. Our proposal relies on two obser-
vations. The first is that medium response to a (minus)
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2FIG. 1. (Color online) A sketch illustrating the spin polar-
ization in momentum space induced by a chemical potential
gradient ∇µ according to Eq. (3). Here, we choose x−y plane
to be the plane transverse to the direction of ∇µ, and px,y de-
note the momentum of fermions projected to x, y-directions.
The arrows show the direction of spin polarization.
chemical potential gradient should be the same as that to
~E. This is because chemical potential enters in the Dirac
action just like the temporal component of a gauge field
A0 that couples to the fermions. One can understand this
intuitively by noting the presence of charge density gradi-
ent is analogous to imposing an electric field. The second
observation is that at beam energies scan (BES) energy
at RHIC, the baryon density depends non-trivially on
spatial rapidity, meaning the presence of sizable baryon
chemical potential gradient ∇µB along the longitudinal
direction.
Based on the above two observations, we consider the
“local spin polarization” of Λ and Λ¯, ~P±,Λ, at BES en-
ergies to detect SHE (see Refs. [11, 31] on the discussion
of the effects of vector meson fields on hadron spin po-
larization). In particular, we propose the following by
generalizing Eq. (1):
~Pµ±,Λ(p) = −σH± (εp,Λ;µB) (
p
εp
)×∇µB . (3)
The spin Hall current can be induced by a temperature
gradient as well. This is known as the “thermally-induced
spin Hall effect” or the spin Nernst effect (SNE). The
observation of SNE has been recently reported in plat-
inum [32] and in W/CoFeB/MgO heterostructures [33].
We also find (see below for details):
~PT±(p) = −
(
−∂n±
∂ε
)
(
p
εp
)× ∇T
T
. (4)
Previously, the relation between spin polarization and the
“thermal vorticity” has been discussed in a number of ref-
erences, see for example Refs. [21, 34–36] (see Ref. [37]
for a review), although most of them are based on the
notion of “the generalized thermal equilibrium” in the
presence of vorticity. Taking such relation in the limit
that the background fluid is static and homogeneous,
one would obtain a similar expression P ∝ p × ∇T in
the fluid rest frame. The effects of temperature gradient
and fluid vorticity are studied extensively in combina-
tion in order to explore spin polarization in non-central
collisions [22, 23, 38]. However, the present letter is, to
best of our knowledge, the first that studies the effects
of temperature gradient in the context of the search for
spin Hall current.
The average differential spin polarization vector of Λ
and Λ¯, P i±(φp), as a function of azimuthal angle φp are
measured experimentally through the angular distribu-
tion of the decay daughters of Λ, Λ¯ [16]. According to
Eq. (3) (similar for Eq. (4)), the induced local spin po-
larization P projected into the transverse plane will fea-
ture a dipole pattern, see Fig. 1. We propose to use the
first Fourier coefficients of P i±(φp) (i = x, y) to probe the
resulting spin current:(
ai1,±, v
i
1,±
) ≡ ∫ dφp
2pi
P i± × (sinφp, cosφp) . (5)
The first Fourier harmonics of produced hadrons in
heavy-ion collisions, i.e., “directed flow”, are employed
to measure the flow of those hadrons. Motivated by this,
we will refer ai1,±, v
i
1,± as “directed spin flow”.
Let us discuss how to discriminate spin Hall current
induced by the gradient of µB and T . Since the spin
current of particle and anti-particle induced by the for-
mer is of the opposite sign whereas that induced by the
later is the same (c.f. Eq. (2) and Eq. (4)), we expect
P i,µ+ ≈ −P i,µ− whereas P i,T+ ≈ P i,T− . Consequently, we
shall study the following (baryon) charge-dependent and
independent combination:
PO,Si ≡
Pi,+ ∓ Pi,−
2
, (6)
aS,Oi,1 ≡
ai1,+ ∓ ai1,−
2
, vO,Si,1 ≡
vi1,+ ∓ vi1,−
2
(7)
where O(S) correspond to − (+). aOi,1 and aSi,1 are ex-
pected to be dominated by µB-gradient induced and T -
gradient induced spin Hall current respectively.
Freezeout.— We shall benchmark the signature of the
spin Hall effect. As a premier, we consider following
freeze-out prescription as a proxy for Pi:
P i±(φp) =
∫
y
∫
pT
∫
dΣα pαPi±,lab
2
∫
y
∫
pT
∫
dΣα pα n±(ε′)
(8)
where Σµ denotes the freezeout hyper-surface and the
factor of 2 in the denominator accounts for 2 spin states of
Λ (Λ¯). A similar prescription has been used to study spin
polarization induced by “thermal vorticity” [21]. Here,
we boost the result in the fluid-rest frame to the lab
frame. For example, for effects induced by ∇µB , we have
Pρ,µ±,lab = −
1
ε′
ερναβuνpα σ
H
± (ε
′, µB)∂βµB , (9)
where ε′ = pµ · uµ is the single particle energy in the lab
frame, and uµ is the four flow velocity. The treatment of
SNE contribution is similar. In Eq. (8), the integration
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FIG. 2. (color online) We show the signature of Spin Hall
current induced by baryon chemical potential gradient and
temperature gradient (SNE) in POx ≡ (Px,+ − Px,−)/2 (left
panel) and PSx ≡ (Px,++Px,−)/2 (right panel). Here, we con-
sider a central collision at RHIC BES energy
√
s = 19.6 GeV
with 0 < y < 1. The contributions from baryon chemical
potential gradient and temperature gradient are shown in the
red solid curve and blue dotted curve respectively. Here, ∇µB
is computed from Eq. (12). To evaluate SNE, we have as-
sumed ∇T = −∇µ for the present illustrative purpose.
over transverse momentum pT and momentum rapidity
y reads∫
pT
≡
∫
pT≥pT,min
dpT
2pi
pT ,
∫
y
≡
∫ yc+∆y
yc−∆y
dy. (10)
Since µB is symmetric in the spatial rapidity ηs, fol-
lowing Ref. [39], we assume that the deviation from boost
invariance takes the form
µB(ηs) = µB,0 + αη
2
s , (11)
with µB,0 and α depend on the beam energy
√
s. We shall
use this form for illustrative purposes, noting of course
that it cannot be relied upon at large ηs.
We use
√
s = 19.6 GeV as an illustrative example and
we focus on central collisions. We use α = 50 MeV which
is motivated by the extracted value of α at SPS energy√
s = 17.6 GeV [40], and pick µB,0 = 0.188 GeV following
Ref. [41]. While we use Eq. (11) to compute µB gradient
in Eq. (9), we shall evaluate σH± (ε
′, µ), n±(ε′, µ) in Eq. (9)
using the parametrization of the flow profile on the freeze-
out surface based on a blastwave model. Since we are con-
sidering central collisions, we will use flow profile which
is boost-invariant and spherical symmetric, and further
assume the freeze-out surface is isochornous at τf . This
treatment is consistent with our formalism based on the
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FIG. 3. We show the observable aO1,x (defined in Eq. (7)),
which is very sensitive to spin Hall current induced by baryon
chemical potential gradient, at
√
s = 19.6 GeV v.s. the center
of the rapidity bin yc (see Eq. (10)).
linear response as adding non-boost invariant corrections
to the evaluation of σH , n±(ε′, µ),Σµ would lead to con-
tribution at higher order in µB gradient. We parametrize
radial flow as v = 0.664(r/R)0.9, where R is the trans-
verse radius of the fireball. Following Ref. [41], we take
Tf = 0.113 GeV as the kinetic freeze-out temperature
and use R = 6 fm. Evaluating ∂βµ using Eq. (11) gives
the result:
∂βµB = −2α ηs
τf
(sinh ηs, 0, 0,− cosh ηs) . (12)
We pick up the benchmark value τf = 10 fm. The re-
sults with different choices of τf simply scales with 1/τf .
For illustrative purpose, we have assumed −∇T = ∇µ
where the minus sign reflects the fact that temperature
will decrease with increasing rapidity.
Results.— Because of the rotational symmetry in the
transverse plane, ~Pz = 0, and ~Px(φp) = ~Py(φp − pi/2).
In particular, this indicates that vy1,± = a
x
1,±. Therefore
studying PO,Sx and a
O,S
x,1 is sufficient. Note, the contribu-
tion from the gradient of the µB or temperature in the
transverse plane will vanish in the present setup.
In Fig. 2, we plot POx and P
S
x vs φp at
√
s = 19.6 GeV
by integrating over the rapidity in the range 0 < y < 1
and over pT > 0. They both exhibit sinusoidal behavior
with a period of 2pi. This convincingly demonstrates that
“directed spin flow” can be employed as a sensitive probe
to the spin current.
Comparing Eq. (2) with Eq. (4), we expect that the
ratio |aS1,x/aO1,x| ∼ εΛ/Tf ≈ 10 assuming |∇µ| ∼ |∇T |,
where εΛ ∼ 1 GeV denotes the typical energy of a Λ. This
estimation is indeed confirmed by the numerical results
shown in Fig. 3. Therefore, if one looks at ax1,± individ-
ually, the result might mainly come from SNE. Despite
of that, POx and P
S
x are dominated by contribution from
∇µB and ∇T respectively accordingly to Fig. 2. Indeed,
when n± can be approximated by Boltzmann distribu-
tion, both the numerator and the denominator of Eq. (8)
4can be written as e±µ/T times an µ-independent func-
tion. Therefore P i,µ+ ≈ −P i,µ− , P i,T+ ≈ P i,T− as far as
Fermi-Dirac statistic can be ignored, which is the case
when µB < εΛ.
Let us take a quick estimate on the magnitude of the
signature aO1,x. The magnitude of a
S
1,x is expected to be
larger assuming |∇T | ∼ |∇µ| as we just explained. For
this purpose, let use replace −∂n+(e)/∂ε with T−1f n+(ε)
in σH , and ignore the contribution from SNE. Then we
have from Eqs. (8), (9), (12) that aO1,x ∼ α/(εΛTfτf ).
Plugging α = 50 MeV, Tf ∼ 100 MeV, τf = 10 fm and
εΛ ∼ 1 GeV, we find aO1,x ∼ 10−3, which is consistent with
results shown in Fig. 3. Although further work will be
needed in order to check the present estimation quantita-
tively, our results provide a guidance on the feasibility of
detecting baryonic SHE experimentally at BES energies.
To complement Fig. 2, we show aOx,1 with different
choices of yc in Fig. 3. Keeping in mind that an up-
grade of the inner Time Projection Chamber (iTPC)
at STAR will extend its rapidity acceptance for protons
from |y| ≤ 0.5 to |y| ≤ 0.8, we further show results with
three different values of yc, namely yc = 0, 0.25, 0.5, 0.75
with ∆y = 0.25 fixed. Since the µB gradient becomes
stronger at larger ηs according to Eq. (11), a
O
1,x increases
with a larger yc. Therefore we anticipate that signatures
of “directed spin flow” induced by∇µB will become more
pronounced at forward rapidity.
While we are focus on BES energies in the present
section, we point out that the signature of SNE might be
detectable at top RHIC and LHC energies as well since
temperature gradient is non-zero.
Conclusions and outlook.— We have made brutal
simplifications in a variety of places, in particular on the
density and flow profile on the freeze-out surface. We
have limited ourselves to the discussion of spin current in-
duced by longitudinal µB and/or T gradient, but the gra-
dient in the transverse plane should also be present, and
could lead to possible observable effects. Future stud-
ies based on the state of art hydrodynamic modeling at
BES energies are desirable for quantitative prediction for
the effects of spin Hall current. Here, we list a number
of qualitative features that we believe to survive in such
studies.
• Spin Hall current induced by the gradient of baryon
chemical potential µB and temperature T is ex-
pected to be present in heavy-ion collisions (includ-
ing central collisions) at BES energies.
• “Direct spin flow” of Λ, Λ¯ introduced in Eq. (5) is
a sensitive probe to spin Hall current.
• The combination aO1,i, vO1,i and aS1,i, vS1,i defined in
Eq. (7) allow to discriminate the spin Hall current
induced by the gradient of µB and T respectively.
Those harmonics are of the order 10−3 based on
the present benchmark estimation.
• aO1,i, vO1,i are driven by the gradient of µB , and
should be sensitive to beam energy and rapidity.
• aS1,i, vS1,i are dominated by temperature gradient
(i.e. SNE). SNE might be detectable even at top
RHIC energy and LHC energies.
In addition to collisions at RHIC BES energies, SHE
might be investigated at heavy-ion collisions programs
at even lower beam energies, including those anticipated
in the coming years, such as those at the FAIR, NICA
and HIAF. Since significant baryon density gradient will
be present at the forward rapidity even for top RHIC
energies and LHC energies, the detector forward upgrade
would be helpful for detecting SHE at those energies.
Thermal field theory calculations.— We return to
details of computing Eq. (3) and Eq. (4) (SNE). Let us
begin with the operator:
Pˆi(t,x,y) ≡ ψ¯(t,x+ y
2
)γ5γi ψ(t,x− y
2
) , (13)
where γ5, γi denote the standard gamma matrices. At
this point, ψ represents a generic Dirac field. According
to the quantum field theory, the phase space distribution
of spin polarization is given by the Wigner transform:
Pi(t,x;p) =
∫
d3y〈Pˆi(t,x,y)〉 eip·y (14)
with 〈. . .〉 denoting the thermal ensemble average. Here
~P include contribution from both particles and anti-
particles.
The linear response of a system disturbed slightly from
equilibrium is characterized by the equilibrium expecta-
tion value of a product of two operators. To study SHE,
we consider the retarded correlation function:
Gi(t,x;y) = i 〈Pˆi(t,x;y) Jˆ0(0, 0; 0)〉θ(t) , (15)
where Jˆ0 = ψ¯γ0ψ. The response of ~P to a gauge field A0
is given by
Pi(q0, q;p) = Gi(q0, q;p)A0(q0, q) . (16)
Here we have introduced Fourier transform with q0, q be-
ing frequency and momentum conjugate to t,x respec-
tively.
At one loop order (see Fig. 4), Gi(ω˜n, q;p) as a func-
tion of the Bosonic Matsubara frequency ω˜n = 2npiT is
given by
Gi = −T
∑
Ωm
Tr
[
γiγ5S (iνm + iω˜n,p1) γ
0S(iνm,p2)
]
,
(17)
FIG. 4. One loop diagram contributing to SHE.
5where p1 = p+
q
2 ,p2 = p− q2 . Here the Euclidean prop-
agator as function of the Fermionic Matsubara frequency
νn = piT (2n+ 1) + µ and momentum p reads
S(iνm,p) =
∑
s=±
Λs(p) ∆s(iνm,p) , (18)
with Λs(p) = sγ
0εp − p · γ +m, and
∆s(iνm,p) = (
−s
2εp
)
1
iνm − sεp . (19)
To evaluate Eq. (17), we first take the trace:
Tr
[
γiγ5Λs(p1) γ
0 Λs′(p2)
]
= 4iεijm qjpm , (20)
If one were computing the response of axial current
~j5 =
∫
d3p/(2pi)3 ~P to external disturbance by loop di-
agrams, one has to integrate out momentum in the loop
(e.g. Ref. [42]). However, since we are interested in ~P,
we only need to use the book-keeping formula to perform
the summation over the Matsubara frequency:
T
∑
Ωm
∆s(iΩm + iω˜n,p1)∆s′(iΩm,p2)
=
∑
ss′
( −ss′
4ε1ε2
)(
ns(ε1)− ns′(ε2)
ω˜m − sε1 + s′ε2
)
(21)
where ε1,2 = εp1,2 . By substituting Eq. (20) and Eq. (21)
into Eq. (17), and perform the analytic continuation,
which amounts to replace ω˜m with q0 + i0
+, we obtain
the desired expression
Gi(q0, q;p) = −εiml p
m
ε2p
iql
{ q · vp
q0 − q · vp + i0+
∂n+(εp)
∂εp
− q · vp
q0 + q · vp + i0+
∂n−(εp)
∂εp
+
n+(εp) + n−(εp)
εp
}
(22)
Here, we have used ε1 − ε2 = vp · q, n±(ε1) − n±(ε2) =
(∂n±(εp)/∂εp)vp · q by assuming q0, q  εp ∼ T, µ. In
another word, we have expanded Gi to the first non-
trivial order in q0/εp, q/εp to obtain (22).
We now extract the induced fermion (anti-fermion) lo-
cal spin polarization ~P+ (~P−) from Eq. (22) and Eq. (16).
We assume that P+ (P−) should depend on n+ (n−)
and/or the derivative ∂n+/∂εp (∂n−/∂εp) only, and re-
quire ~P(p) = ~P+(p) + ~P−(−p). We therefore have:
Pi+ = g+(q0, q;µ)
(
iεimlpmqlA0(q0, q)
)
, (23)
where
g+ =
−1
ε2p
[
q · vp
q0 − q · vp + i0+
∂n+(εp)
∂εp
+
n+(εp)
εp
]
.(24)
Comparing Eq. (3) in Fourier space with Eq. (23) we then
determine σH+ :
σH+ ≡ − lim
q→0
lim
q0→0
[εp g+(q0, q;µ)] . (25)
A similar procedure leads to σH− , and completes our
derivation of Eq. (2). Note σH− (εp;µ) = −σH+ (εp,−µ)
The cautious reader might worry if one could do such
separation when fermion and anti-fermion are mixed with
each in the presence of A0(q0, q). However, since we
consider fermions with energy εp  q, q0, they will in-
teract with anti-fermions of approximately the same en-
ergy εp, meaning the relative phase between the fermions
and anti-fermions participated in such interaction is ap-
proximately 2εp∆t for a given duration ∆t. Therefore
one should be able to integrate out fast oscillating anti-
fermions in the long time limit and hence obtain distribu-
tion for fermions. A parallel conclusion can be drawn for
anti-fermions. See Refs. [6, 43, 44] for explicit examples
on obtaining particle/anti-particle distribution through
such integrating-out procedure.
In Eq. (25), we take the static limit to obtain σH by
assuming that typical gradient q is much larger than the
frequency q0 and the collision rate. As usual, the order
of limit matters. Taking the limit with an opposite order
corresponds to studying the real-time dynamics of SHE.
We leave this for future study
Turning to SNE, we consider gravigauge field g00 =
−1 + log T .Defining the retarded Green function
Gi,0µ(t,x) = i〈Pi(t,x)T 0µ(0, 0)〉θ(t) , (26)
we have:
PiSNE(q0, q;p) = Gi,00(q0, q;p) log [T (q0, q)] . (27)
At one loop order the expression for Gi,00 is given by re-
placing γ0 in Eq. (17) with γ0iνm. Hence the evaluation
of Gi,00 then becomes a trivial extension of the calcula-
tion of Gi. We find
Gi,00(q0, q;p) = −iεilmplqm
{ q · vp
q0 − q · vp + i0+
∂n+(εp)
∂εp
+
q · vp
q0 + q · vp + i0+
∂n−(εp)
∂εp
}
, (28)
Substituting Eq. (28) into Eq. (27) and taking the static
limit, we arrive at Eq. (4) .
A similar step determines ~P induced by the gradient
of flow velocity. The result will be reported in upcoming
work [45].
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